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£ . We study the rele ef D-terms in supersymmetry (SUSY) breaking. By carefully ana- 

lyzing the SUSY multiplets containing various conserved currents in theories with global 

O ! 

symmetries, we obtain a number of constraints on the renormalization group flow in super- 
symmetric field theories. Under broad assumptions, these results imply that there are no 
SUSY-breaking vacua, not even metastable ones, with parametrically large D-terms. This 
explains the absence of such D-terms in models of dynamical SUSY-breaking. There is, 
however, a rich class of calculable models which generate comparable .D-terms and F-terms 
through a variety of non-perturbative effects; these D-terms can be non-abelian. We give 
several explicit examples of such models, one of which is a new calculable limit of the 3-2 
model. 
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1. Introduction 

In local quantum field theories, the basic objects of interest are well-defined local 
operators. Conserved currents are an important class of such local operators. In theories 
with continuous symmetries, their existence is guaranteed by the Noether theorem. 

One usually considers two types of conserved currents: global symmetry currents j^ 
(we will use indices a, 6, ... to label different global symmetries) and spacetime symmetry 
currents, such as the energy- momentum tensor T^ v : 

0"4°>=O, 0%„ = O. (1.1) 

Given a microscopic description of the theory, the Noether theorem tells us how to ex- 
press j]f and T^ u in terms of elementary fields. These expressions are not unique; they 
are only defined up to improvement terms - operators which are automatically conserved 
and do not affect the charges. 

The improvement terms can usually be chosen in such a way that the currents satisfy 
the following basic conditions: 

1.) They are gauge-invariant local operators. 

2.) They are globally well-defined, even if the configuration space of the theory is non- 
trivial. 
3.) They satisfy the current algebra of symmetries. 

In particular, condition (3) means that the energy-momentum tensor is invariant under 
global symmetry transformations, and that the global symmetry currents satisfy the usual 
current algebra. We will refer to (1) — (3) as consistency conditions. Note that the con- 
servation equations fll.lj ) and the consistency conditions (1) — (3) are statements about 
operators. As such, they are insensitive to possible symmetry breaking by the vacuum. 

In four-dimensional theories with M = 1 supersymmetry, there are two additional 
ingredients. First, there is a conserved supercurrent S^a (d^S^ a = 0); it too is only 
defined up to improvement terms. Second, gauge-invariant local operators are embedded 
in supermultiplets. In particular, the supercurrent, the energy- momentum tensor and the 
global symmetry currents should all be embedded in supermultiplets. This will play a 
crucial role in our analysis. 

Global symmetry currents are conventionally embedded in a real multiplet J^ a > sat- 
isfying D J^ = 0. In components, it takes the form 

j(a) = j(a) + idj (a) _ -^J(a) _ foUQjffi) + . . . . ( L2 ) 
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We see that the conserved current j^' is accompanied by spin-0 and spin-^ operators J( a ) 
and ja . 

The supercurrent and the energy-momentum tensor are conventionally embedded in 
the Ferrara-Zumino (FZ) multiplet |I|. Schematically, it takes the form 

J* z ~ il z + o a s^ a + e a s; + (9a v e) t^ + ■ ■ ■ . (1.3) 

The FZ-multiplet is real and satisfies the conservation equation D J^? = D a X, where 
X is a chiral superfield.u This contains the conservation equations for S^a and T^, as 
well as the statement that T^ v is symmetric. Moreover, we see that Su a and T^ v are in 
the same multiplet as a vector operator j^ z , which in general need not be conserved.0 

We would like to understand whether the consistency conditions (1) — (3) are satis- 
fied by the operators in the supermultiplets J^ and J^£ ' . This is a subtle point which 
needs some clarification. It is usually possible choose improvement terms such that the 
operators j^\ S^, a and T^ v satisfy the consistency conditions. However, a problem could 
arise when trying to embed these operators in the SUSY multiplets discussed above. For 
example, to embed T flu in the FZ-multiplet, we might be forced to pick the improvement 
terms in such a way that some of the consistency conditions are violated. Another possi- 
bility is that the operators jji , S^ a and T M „ in the multiplets J^ and J^ z do satisfy 
the consistency conditions, but that the lower-spin operators in these multiplets do not. 

Whenever such a situation arises, we will say that there is a clash between the existence 
of the usual supersymmetry multiplets ( |1.2|) and (|i~3]), and the consistency conditions (1) — 
(3). We emphasize that this clash refers to the familiar, well-studied SUSY multiplets ( |i~2| ) 
and (|1.3|) . There may be other (generally larger) supersymmetry multiplets that do satisfy 
the consistency conditions. Our results do not depend on the existence of these other 
multiplets. 

For the FZ-multiplet, the consistency conditions (1) and (2) were studied in J3|,|||. 
This has led to new results about rigid supersymmetric theories and supergravity. A 



Our convention for switching between vectors and bi-spinors is 

I ■ — -2rr M ( t — -Tr 6 "*!? ■ 

Any unstated conventions are those of Wess and Bagger [|j . 

The multiplet also contains a complex scalar (the bottom component of X), which will not 
appear in our analysis. 



simple example, in which a clash of the type described above occurs, is a free U(l) gauge 
theory with a Fayet-Iliopoulos (FI) term: 



1 ' 72/3 w2 , „ „ , t / j4/ 



^=Y^ / dOW£ + c.c. +£ / (fOV . (1.4) 

The FZ-multiplet of this theory is given by 

Ja& = ~\w a W a - U[D a ,D & ]V . (1.5) 
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We see that a gauge transformation V — » U + i(A — A) does not leave (|1.5| ) invariant. 
In other words, there is a clash between the existence of the FZ-multiplet and gauge 
invariance. This does not render the theory inconsistent. In components, the gauge non- 
invariance takes the form of an improvement term for both the supercurrent and the 
energy-momentum tensor. Thus, the supersymmetry charges and the momentum oper- 
ators are gauge-invariant. Furthermore, there is a larger supersymmetry multiplet, the 
iS-multiplet described in ||U, which contains a conserved supercurrent and a conserved 
energy-momentum tensor but is also gauge-invariant.S 

The importance of this clash is that it leads to a non-renormalization theorem: if 
the FZ-multiplet ( |1 . 5|) is gauge-invariant in the UV, then this must continue to hold at 
every energy scale. In the example above, this means that if £ = in the UV then a non- 
zero £ cannot be generated under renormalization group (RG) flow. In the case of ( |1.4j) this 
statement is trivial because the theory is free. However, the non-renonormalization theorem 
holds even in the presence of matter and strong gauge dynamics: if a theory has a gauge- 
invariant FZ-multiplet in the UV, then a Fl-term cannot be generated, perturbatively or 
non-perturbatively, for any U(l) gauge group. This applies even to U(l) gauge groups 
that emerge in the IR from the dynamics of the theory. These observations partly explain 
the absence of large D-terms in models of dynamical SUSY-breaking. 

In this paper we study rigid supersymmetric theories with global symmetries. We 
analyze the consistency conditions (1) — (3) for the global current multiplets J^ a > and for the 
FZ-multiplet J^? ' . This leads to new constraints on the RG-flow of rigid supersymmetric 
theories. Moreover, it allows us to make general statements about the role of .D-terms in 
supersymmetry breaking. 



The simple theory in ( |l.4|) has an i?-symmetry so that there is another well-defined super- 
current multiplet P,0]. This is the 1Z- multiplet reviewed, for example, in H. 



In section 2 we consider supersymmetric sigma models and their global symmetries 
in detail. These models often arise as the low-energy limit of interesting supersymmetric 
field theories. We begin by discussing the conditions for the current multiplets J^ a > to be 
globally well-defined, and we analyze the current algebra they satisfy. We then turn to the 
FZ-multiplet for sigma models. After briefly reviewing when the FZ-multiplet is globally 
well-defined, we study its transformation properties under global symmetries. This analysis 
leads to several new non-renormalization theorems. We discuss some simple examples in 
section 3. 

In section 4 we consider gauged sigma models and study when a clash with gauge 
invariance prevents the existence of the FZ-multiplet. This allows us to strengthen some 
of the non-renormalization theorems of section 2. We then use this stronger form of the 
non-renormalization theorems to derive a simple identity for the scalar potential of gauged 
sigma models. 

In section 5 we use the fact that many interesting supersymmetric theories flow to 
gauged sigma models at low energies to make general statements about the role of D- 
terms in models of SUSY-breaking. We show under very broad assumptions that there 
can be no SUSY-breaking vacua (even meta-stable ones) with parametrically large D- 
terms. This explains the predominance of F-term breaking in models of dynamical SUSY- 
breaking. Our analysis also sheds new light on the multiplet structure of Nambu-Goldstone 
bosons in supersymmetric theories. In particular, we show that supersymmetry cannot be 
spontaneously "shattered" |J. 

The results of section 5 immediately raise the question of whether it is possible to 
build models of dynamical SUSY-breaking with comparable .D-terms and F-terms. In 
section 6 we discuss a mechanism which accomplishes this and give three simple, calculable 
examples. These examples rely on different nonperturbative effects such as instantons, 
gaugino condensation, and the emergence of a free magnetic phase. They also show that 
the significant D-terms can be non-abelian; they need not originate from an abelian gauge 
field. One of our examples is a new calculable limit of the familiar 3-2 model ||. In 
this limit, the model behaves qualitatively differently than in the conventional one. Our 
mechanism for generating comparable .D-terms and F-terms is robust and can easily be 
implemented in many other models, some of which we briefly mention. This section is 
self-contained and can be read independently of the rest of the paper. 

In section 7 we comment on possible future directions, phenomenological applications, 
and remaining open problems. 



2. Supersymmetric Sigma Models 

At low energies, many interesting supersymmetric field theories flow to a weakly- 
coupled sigma model - perhaps with IR-free gauge fields. It is expected that this will 
happen whenever the field theory has a strong-coupling scale A, below which it is described 
by massless moduli. In this section we will not discuss the IR-free gauge fields; this will be 
done in section 4. We begin by reviewing some basic facts about supersymmetric sigma 
models. 

The moduli $* are described by the Lagrangian 

JSf = f d 4 6K($,$) , (2.1) 

where the Kahler potential K is real. In components 

JSf = -ggd^^d^ + (fermions) , (2.2) 

where the Kahler metric g^ on the moduli space Ai is given by 

g fj = didjK . (2.3) 

From ( |2.2| ) we see that unitarity requires g-p- to be positive definite. The physics of the 
sigma model is invariant under Kahler transformations 

K ^K + F($) + F($) , (2.4) 

where F is a holomorphic function of the $\ This invariance is natural from a geomet- 
ric viewpoint, since Kahler transformations are exactly those redefinitions of the Kahler 
potential which leave the metric g^ invariant. 

It is important to note that the Kahler potential K need not be a globally well- 
defined function on A4. It may differ between different coordinate patches by a Kahler 



transformation (|2.4|) . However, the metric ( |2.3|) must be globally well-defined and can be 



used to construct the Kahler form 



= i 9! -#'A# J . (2.5) 



'y 



As a consequence of ( |2.3|) , the Kahler form is closed: dVt = 0. In every patch we can thus 
find a real one-form A such that O = dA. This A is globally well-defined if O vanishes in 
the co ho mo logy H 2 (Ai). 



2.1. Sigma Models with Global Symmetries 



We now consider a sigma model ( |2.1|) which is invariant under a set of continuous 
global symmetries, and we derive the associated current multiplets. An infinitesimal global 
symmetry transformation takes the form 

( 5$i = e Wx(»)'($) ) (2.6) 

where the X^ a ' 1 are holomorphic in the fields $ l and the E^ a > are infinitesimal real 
parameters. The transformations ( |2.6|) must leave the metric g^ invariant. Geomet- 
rically, this means that the X^ a > 1 are the components of holomorphic Killing vector 
fields iW = X^di. 

As usual, the symmetry generators X^ a ' form a Lie algebra 

X (a U W l =-f abc X (c) , (2.7) 

where the f abc are real structure constants. Note that the anti-holomorphic complex con- 
jugates I'"' satisfy the same algebra ( |2.7D , and that holomorphic Killing vectors commute 



with anti-holomorphic Killing vectors: 



'x( a \x {b) ] =0. 

We will only be interested in symmetry algebras which are direct sums of compact 
simple algebras and U(l) algebras, so that we can choose the structure constants to satisfy 
the following properties: 

!•) f abc = unless all three indices are in the same subalgebra. 

2.) f abc is completely antisymmetric. 

3.) Whenever a, b are in the same compact simple subalgebra, we have 

racd rbcd Tab (c\ o\ 

Let us consider more carefully the invariance of the sigma model under the trans- 
formations (|2.6|) . While the metric, and therefore the action, are invariant under these 



transformations, the Lagrangian (|2.1|) may pick up a Kahler transformation: 



5^= fd 4 6e (a) (F (a) +F ia A , (2.9) 

where the F^ a ' are holomorphic functions of the $\ This only changes Jzf by total deriva- 
tives, in accordance with the invariance of the action. 
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We would like to find the conserved currents corresponding to the symmetries ( |2.6|) . 
According to the usual Noether procedure, we replace each infinitesimal transformation 
parameter e^ with an arbitrary chiral superfield A^ a '. Now the change in the Lagrangian 
must take the form 

SSf=f d 4 6 (A (a) F (a) + A»F( a ) - i U( a ) - A») jWJ , (2.10) 

where J^ a > is a real superfield. This expression follows from linearity in bS a > and the 
requirement that it reduce to ( |2.9| ) when A^ = e ( - a \ a real constant. Using the ex- 
plicit form ( |2.6|) of the infinitesimal transformation, we can also write the change in the 
Lagrangian as 

6Sf = f d 4 9 (A^X^d.K + A^X^'djKj . (2.11) 

Since ( |2.10| ) and (|2.11|) must agree for every chiral superfield A*-" - ), we can identify the 



Noether currents 

j(a) _ ixWdtK - iF^ a) . (2.12) 

This expression is guaranteed to be real. It is also conserved, as can be checked using the 



2 

sigma model equations of motion D diK = 0. Note that the current (|2.12[) is sensitive 



to the functions F^ a ' which appear in the Kahler transformation ( |2.9|) . This is standard: 
when the Lagrangian changes by a total derivative due to a symmetry transformation, the 
Noether current gets modified. 

Taking the (^-derivative of ( |2.12|) , we see that 

djj {a) = ig fj X^ . (2.13) 

This is often taken as the defining equation of the currents J^ .□ Note that the holomor- 
phic functions F^ a > dissapear from (|2.13| ). 
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A real function J^ a ' which satisfies ( |2.13 ) is often called the moment map corresponding 



to the isometry generated by X^ a ' . The existence of a moment map is locally equivalent to the 
Killing equation 

di ( 9k -x^) + a-( 9il :X^)=o. 



2.2. Consistency Conditions for Global Currents 

We would like to understand whether the current multiplet (|2.12[) satisfies the con- 



sistency conditions (2) and (3). We start by examining when a clash with consistency 
condition (2) can arise; conversely, we ask under what conditions J^ a > is globally well- 
defined on the moduli space M.. The key observation is that ( |2.9| ) does not define F^ 
uniquely, but only up to a purely imaginary constant ic^ . Through (|2.12|) this corresponds 
to the freedom of shifting J^ a > by a real constant ||10||: 



j(a) _^ j{a) + c (a) _ ( 214 ) 

This freedom only affects the bottom component J^ a > of the multiplet J^ a > . In particular, 
the conserved vector current jjf" , and hence the charge, is unaffected. This is a trivial 
example of an improvement transformation.Ei Note that if the manifold M. has several 
coordinate patches, then we have the freedom of shifting J^ a > by a different constant in 
each patch. 

In this setup, a global obstruction may arise: it might be impossible to choose the 
constants c- a > in such a way that the current is globally well-defined. More precisely, it is 
possible for invariant inconsistencies to arise when three coordinate patches intersect (see 
figure 1). These inconsistencies cannot be removed by shifting the currents. As usual, a 
global obstruction of this kind corresponds to a certain non-trivial cohomology class. 



The most general improvement term for a conserved current J is of the form 

SJ = c + D a Xa + DaT , 

where c is a real constant and % a is a chiral superfield. In theories like the sigma model, which 
only contain chiral superfields, the terms involving \a necessarily contain higher derivatives and 
we will not discuss them here. 



Cl2 — J\ — J2 



C23 = Ji — Ji 




C31 =Js~Ji 



Figure 1: In every patch i = 1,2,3 the current Ji is determined up to a constant. On 
intersections, the Ji can differ by constants Cij. If the invariant sum C12 + C23 + C31 does 
not vanish, then the current is not globally well-defined. 

The easiest way to determine this global obstruction is to note that the right-hand-side 
of (|2.13[) is naturally identified with the anti-holomorphic part of the real one-form 



uj 



(a) 



-w 



<a)j 



ig-X d^ + ig^x^d® 3 . 
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(2.15) 



Using ( ^.13| ), it is easy to check that u/ a ) is closed. If J^ is globally well-defined, then 
it is also exact. Conversely, if u^ a ' is exact then we can always choose the constants 
in ( |2.14[ ) to render J^ a > globally well-defined. Thus, the global symmetry currents J^ a > 
are globally well-defined if and only if the one- form u^ a ' given by ( [2.15| ) vanishes in the 
cohomology H 1 (Ai)M 

It turns out that this obstruction can only arise for abelian groups. For non-abliean 
groups we can write an explicit expression for the current multiplet which is manifestly 
globally well-defined: 



j(a) = f<*c n f x (b) + X Q>) iX (c) + x 



(c) 



(2.16) 



Here O is the Kahler form (|2.5| ) . It is straightforward to check that this J^ a > satisfies ( |2.13|) . 
It can thus be identified with the conserved current corresponding to the symmetry gen- 
erated by X( a > . In section 3 we will see examples of abelian current multiplets which are 
not globally well-defined. In section 4 we will explain why abelian symmetries which lead 
to such currents cannot be gauged in the usual minimal way. 



It was already noted in [ 10 1 that global obstructions to the existence of the J^ a ' may arise 
if the moduli space is not simply-connected. 
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We now examine when a clash with consistency condition (3) can arise; conversely, 
we ask when the J^ satisfy the usual current algebra. To understand this, we consider 
the transformation b^ a > J^ b > of the current J^ 3 ' under the infinitesimal symmetry ( |2.6| ) 
generated by X^ a >\ 

S (a)j(b) = x^d.J^ + X {a)l d-J^ b) . (2.17) 



Using (|2.13|) , this can be rewritten as 

6 (a)j(b) = _ Q f^ x (a) + x ia \x^+X {b) ) . (2.18) 

This implies that 5 ia) J w = -<S (&) J^ a) . Taking derivatives on both sides of ( |2~TT8| ) and 
using (|2]7]) we find that 

§(")jW = _fabcj(c) + c ab ^ ( 219 ^ 

where the c ab = —c ba are real constants. The first term on the right-hand-side of ( |2.19[ ) is 
the one we expect; the antisymmetric constants c ab are unfamiliar, but play an important 
role in what follows. These constants can in principle differ from patch to patch if J^ a > 
is not globally well-defined. If the c ab are non-zero then the full supersymmetric multi- 
plet J^ does not satisfy the usual current algebra and hence consistency condition (3) is 
violated. 

As before, these constants are only a problem for abelian currents. They can always 
be set to zero for non-abelian symmetries by fixing the overall constant in the correspond- 
ing J^ a > PTHJTT] ] . In fact, the expression ( |2.1(j| ) for non-abelian current multiplets leads to 
vanishing c ab . Non-abelian symmetries thus have globally well-defined current multiplets 
which obey the usual current algebra. 

If a, b both lie in U(l) algebras, then the constants c ab may be nonzero. Moreover, 
they cannot be removed by shifting the currents as in ( |2.14|) . The c ab correspond to a 
well-defined geometric quantity. We can use ( |2.18|) and ( |2.19|) to write them in a form 
which makes this manifest: 



c ab 



-n(x^+X^ a \X^+X ib) ) . (2.20) 



We conclude that the abelian J^ a > satisfy the usual current algebra if and only if the 
right-hand-side of (|2.2U|) vanishes for all U(l) indices a, b. Note that this condition is local 



and thus in general distinct from the condition that the abelian J^ a > should be globally 
well-defined. However, the two conditions are related for compact U(l) symmetries. If 
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U(l) a is compact, then c ab 7^ only if J^ h > is not globally well-defined. To see this, 
transport J^ around a closed loop generated by the compact symmetry U{l) a . At each 
infinitesimal step, J^ h > picks up the constant c ab and thus cannot come back to itself: it is 
not globally well-defined. In section 3 we will see examples of abelian current multiplets 
which have non-zero c ab . In section 4 we will explain why abelian symmetries which lead 
to such currents cannot be gauged in the usual minimal way. 

2. 3. Consistency Conditions for the FZ-Multiplet in Sigma Models 

We now discuss the FZ-multiplet for the sigma model ( |2.1| ). It is given by 

Ja& = 2g il D a &D 6 & i - ^[D a ,D a ]K , (2.21) 

and satisfies the conservation equation D 3&£ = D a X with X = —\D K. As we 
discussed around (|2.4[) , Kahler transformations do not change the action. However, we see 
from ( p.21|) that they have an effect on the FZ-multiplet: under Kahler transformations it 
transforms as 

6 Jai = jd aa (F-F) , SX = - l -D 2 F . (2.22) 



It can be checked that ( |2.22j ) only changes the supercurrent and the energy-momentum 



tensor by improvement terms. This should be the case, since Kahler transformations do 
not affect the physics of the sigma model. 

In analogy to the case of global symmetry current multiplets, we now discuss the con- 
sistency conditions (2) and (3) for the FZ-multiplet. We begin by reviewing the condition 
under which the FZ-multiplet is globally well-defined on the moduli space M.. 

If we are forced to use multiple patches to cover Ai and must perform Kahler trans- 
formations as we switch from patch to patch, then ( |2.22| ) implies that a well-defined FZ- 
multiplet does not exist. To formulate this condition mathematically, we note that the 
bosonic piece of the bottom component of (|2.21|) is proportional to the pull-back to space- 



time of the one-form A defined after ( |2.5|) . Thus, the FZ-multiplet is globally well-defined 
if and only if the one-form A is globally well-defined, or in other words when the Kahler 
form O is exact ||. In particular, a globally well-defined FZ-multiplet does not exist if the 
moduli space is compact .0 



On such a space Q cannot be exact since the volume form of M. is a power of Q. 
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To satisfy consistency condition (3), the FZ-multiplet should be invariant under the 
global symmetry transformations ( |2.6| ). The danger is that global symmetry transforma- 
tions can induce Kahler transformations ( |2.9| ) which will then lead to a change in the 
FZ-multiplet. To satisfy consistency condition (3) we must therefore require the holo- 
morphic functions F^ which appear in the induced Kahler transformations ( |2.9|) to be 
constants. It is easy to see that these constants must vanish for non-abelian symmetries, 
because any non-zero value would break the symmetry explicitly. This is not necessar- 
ily the case for abelian symmetries. The situation is more delicate when these abelian 
symmetries are gauged; this will be discussed in section 4. 

2.4- Constraints on RG-Flow 

We will now use the results of the previous subsections to state various non- 
renormalization theorems which constrain the RG-flow of supersymmetric quantum field 
theories. According to the logic outlined in the introduction, such a non-renormalization 
theorem holds whenever there can be a clash between certain physical conditions and the 
existence of particular supersymmetry multiplets, like the global current multiplets J^ a > 
or the FZ-multiplet. As explained at the beginning of section 2, we consider field theories 
with a well-defined microscopic formulation in the UV which can be described by a sigma 
model at low energies. 

Assume that the UV theory is invariant under some global symmetries such that 
corresponding current multiplets J^ a > are globally well-defined and satisfy the usual current 
algebraJa Since these are operator statements, they must hold at every point along the 
RG-flow. In particular, the discussion in subsection 2.2 implies that the geometry of the 
moduli space M. must be such that all U(l) current multiplets are globally well-defined, 
and that the constants c ab in (|2.20| ) vanish for all U(l) symmetries. 

We can actually prove a somewhat stronger result: the constants c ab are not renor- 
malized along the RG-flow. This can be seen from the fact that these constants appear in 
the operator equation (|2.19|) . Alternatively, we can follow 't Hooft and introduce spectator 
fields to cancel the c ab . Since (|2.20|) implies that non-zero c ab can only arise for pairs of 
vector fields which are nowhere vanishing on the moduli space Ai, we can introduce a 
free chiral spectator field for each such pair and shift its real and imaginary part to set 



Here we only discuss global symmetries which are present in the UV theory. We do not 
consider symmetries which emerge in the IR. 
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the corresponding c ab to zero. The symmetry can then be arbitrarily weakly gauged (see 
section 4), and the non-renormalization theorem follows. 

Completely analogously, assume that the theory has a globally well-defined FZ- 
multiplet in the UV which is invariant under global symmetry transformations. These 
conditions must then hold at any point along the RG-flow. In particular, the discussion of 
subsection 2.3 implies that the Kahler form Q of the moduli space Ai must be exact, and 
that the holomorphic functions F^ a ' which appear in the Kahler transformations (|2.9| ) in- 
duced by global symmetry transformations must be constants. Moreover, these constants 
must vanish for non-abelian symmetries. In section 4 we will strengthen this result by 
specifying conditions under which the F^ a > must also vanish for abelian symmetries. 




Figure 2: Killing Vectors on the Cylinder 



3. Examples 

In this section we discuss examples which clarify the ideas of section 2. 

3.1. Example 1: Cylinder 

Consider the theory of a single free chiral superfield on a cylinder: 

On this cylinder, we consider the two commuting Killing vectors 



(3.1) 



(3.2) 



corresponding to shifts in the real and imaginary part of $ respectively (see figure 2). Up 
to overall additive constants, the corresponding symmetry currents are given by 



J 



(1 ) = j$-i$t ^ j(2) = $ + $t 
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(3.3) 



We see that J^> is not invariant under shifts generated by X^ 2 \ and vice- versa. This 
means that the constants in ( |2.19|) do not vanish: 

c 12 = -2 . (3.4) 

Hence consistency condition (3) is violated. In particular, it is impossible to gauge 
the U(l) x U(l) symmetry generated by X^ 1 ' and X^ 2 > in the usual minimal way (see 
section 4). 

Another problem of this theory is that the current J^ 2 ' is not globally well-defined 
so that consistency condition (2) is violated. Upon circling the compact direction of the 
cylinder, J^ 2 > does not return to its original value - it shifts by a constant. This is because 
the one-form ( |2.15|) corresponding to X^ 2 > is u/ 2 ) ~ d(<& + $^), which is not exact. Thus, 
we cannot even gauge the single U(l) symmetry generated by X^ 2 > in the usual minimal 
way (see section 4). 

We see that both consistency conditions (2) and (3) are violated on the cylinder. As 
was explained in subsection 2.2, a violation of (3) necessarily implies a violation of (2) 
since the U(l) symmetry generated by X^ 1 ' is compact. If we unwrap the cylinder and 
consider the same theory on the complex plane, then the local obstruction c 12 7^ remains, 
even though both currents are now globally well-defined. In this case, the two conditions 
are logically independent since both shift symmetries are non-compact. Note that the 
arguments of subsection 2.5 imply that neither the cylinder nor the plane (with the U(l) 
symmetries as above) can arise as moduli spaces of field theories whose current multiplets 
satisfy the consistency conditions in the UV. 

3.2. Example 2: CP 1 

Another instructive example is the CP model, which is defined by the Kahler potential 

K = / 2 log(l + |$| 2 ) . (3.5) 

Note that in this normalization the chiral superfield $ is dimensionless, while f^ has 
dimensions of mass. At least two patches are needed to cover the CP . The coordinates in 
these two patches are related by the inversion $ — > 1/$. This does not leave the Kahler 
potential invariant, but generates a Kahler transformation (|2.4|) with F = —f 2 log$. As 
discussed in subsection 2.4 this renders the FZ-multiplet globally not well-defined. 
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An SU(2) isometry group acts on the CP in the usual way. Although these SU(2) 
transformations leave the action invariant, some of them induce Kahler transformations. 
The transformation $ — > e lQ $ is realized linearly and leaves the Kahler potential invariant, 
but the other two SU(2) transformations induce Kahler transformations ( |2.4|) with F 
proportional to $ and z$. This means that the FZ-multiplet is not invariant under the 
global SU(2) symmetry. However, since this symmetry is non-abelian, there is no problem 
with the SU{2) current multiplets: they are globally well-defined and satisfy the usual 
current algebra. In particular, it is possible to gauge this SU(2) symmetry in the usual 
minimal way (see section 4). 

We see that, like the cylinder, the CP model violates consistency conditions (2) 
and (3) . The Kahler non-invariance of the FZ-multiplet follows from a global obstruction, 
while the fact that SU(2) transformations do not leave the FZ-multiplet invariant is a local 
statement. Like the cylinder, the CP model cannot arise as the moduli space of a field 
theory which satisfies the consistency conditions in the UV. 

4. The Gauged Sigma Model 

In the previous sections we have discussed various clashes between the existence of 
certain current multiplets and the consistency conditions we introduced in the introduction. 
These clashes led to non-renormalization theorems which we discussed in subsection 2.4. 
We can say more by gauging the global symmetries of the sigma model. Our discussion 
will be classical; we will not consider sigma model anomalies. 

4-1- Gauging the Global Symmetries of the Sigma Model 

As always, the gauge transformation corresponding to a global symmetry transfor- 
mation ( |2.ti| ) is obtained by replacing the infinitesimal real parameter e^ a ' by a chiral 
superfield A^. Under such a gauge transformation the sigma model Lagrangian ( |2.1| ) 
transforms as in ( |2.10| ). To render the theory invariant under such transformations we 
introduce vector superfields V^ a \ so that a gauge transformation with parameter A*-"- 1 
shifts V^ a > by an amount 



5V {a) =i(h^ a) -A(°>) + ••• . (4.1) 
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Here the dots represent higher-order terms in V^ or A^ a > which will not be important for 
us. To leading order in V^ a ' we can thus complete ( |2.1|) to a gauge-invariant Lagrangian 
by adding a term 

jgf' = [ d 4 6V (a) J (a) , (4.2) 



along with the usual minimal kinetic terms for the V^ a \ Note that the freedom to shift 
the abelian J^ by a constant corresponds to the freedom of adding Fl-terms for the 
abelian gauge fields. The complete Lagrangian ££ + ££' is now gauge-invariant up to total 
derivatives: 

6 (Jgf + JSf' ) = f d 4 9 U^F {a) + A( a )F( a) ) + • • • , (4.3) 

where the dots represent unimportant higher-order terms and the F^ a ' are exactly as 
in (|2.9| ). In Wess-Zumino gauge, the D-term scalar potential of the resulting gauge theory 
is given by 

v = \Y.ti{ j{a) ) 2 ■ ( 4 - 4 ) 

a 

Here, the g a are dimensionless gauge coupling constants and the J^ are the bottom 
components of the global symmetry current multiplets ( |2.12j ) in the ungauged theory. If 
the symmetry is linearly realized on the fields in the usual way, this scalar potential reduces 
to the familiar quartic polynomial in the scalar fields. 

We now revisit some of the clashes we investigated in section 2 from the perspective of 
the gauged sigma model. Since the bottom components j( a > of the currents J^ a > explicitly 
appear in the expression Q4.4J ) for the scalar potential V, it is clear that we must require 
the J^ a > to be globally well-defined. Moreover, we must require that all c ab = so that V 
is gauge-invariant fTTH - 

We have already explained in subsection 2.4 that the constants F^ a ' must vanish for 
non-abelian symmetries. In this case the FZ-multiplet is gauge-invariant, since the right- 
hand-side of (f4.3|) vanishes.^ For the abelian case, the arguments of section 2 only allowed 



The FZ-multiplet of the gauged sigma model can be obtained from the FZ-multiplet ( |2.21 ) 
of the ungauged sigma model by replacing 

K ->■ K + V (a) J (a) + ••• . 

A gauge transformation with chiral superfield parameters A^ thus changes the FZ-multiplet by 

Therefore, the FZ-multiplet is gauge-invariant if and only if all F^ a ' = 0. 
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us to conclude that the F^ are constants. Upon gauging we see that if these constants 
do not vanish, then the FZ-multiplet is not gauge-invariant. This is expected because in 
the abelian case these constants are related to Fl-terms. 

We conclude that all F^- a > appearing in (|2.9| ) must vanish in order for the gauged sigma 
model to to have a gauge-invariant FZ-multiplet. Moreover, the gauged sigma model 
is only consistent if the symmetry currents J^ a > are globally well-defined and the c ab 
in ( |2.2U| ) vanish. This ensures that the scalar potential V is globally well-defined and 
gauge-invariant . 

4-2. An Identity for the D-Term Scalar Potential 

We can now prove the following theorem about the .D-term scalar potential ( f4.4j ) 
in gauged sigma models: if the sigma model has a globally well-defined, gauge-invariant 
FZ-multiplet, then the scalar potential satisfies the identity 

V=~gJ i d i KdjV. (4.5) 

To show this, recall from the previous section that the gauge-invariance of the FZ- 
multiplet implies that all constants F^ a ' in the definition (|2.12|) of the currents J^ a > vanish, 
so that we have 

j(a) _ ixWdiK . (4.6) 

This is guaranteed to be real and globally well-defined. We can thus write 

V= l -Y,9 2 a J {a) X {a ^d l K . (4.7) 

a 

But using ( |2.13|) we can express 

^=%E^ J(0)jr(0)< ' < 4 - 8 ) 



so that ( \k.7\) immediately reduces to ( fOj ) . In the next section, we will use (|4.5|) to discuss 
the role of .D-terms in models of SUSY-breaking. 

5. D-Term SUSY-Breaking 

In this section we use the preceding results to study the role of .D-terms in super- 
symmetric theories. We will show under very broad assumptions that there can be no 
SUSY-breaking vacua (even metastable ones) with parametrically large D-terms. As a 
corollary, we also show that super symmetry cannot be spontaneously "shattered." 
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5.1. Restrictions on Large D-Terms 

Most known calculable models of dynamical supersymmetry breaking reduce at very 
low energies to a free chiral superfield with linear superpotential. In other words, the 
breaking is mostly F-term driven. For example, in the usual treatment of the 3-2 model ||, 
the SU(3) x SU(2) F-terms are set to zero, and there is a small superpotential on this 
moduli space of F-flat directions which leads to SUSY-breaking. 

We would like to understand whether there are calculable models of dynamical SUSY- 
breaking which are predominantly D-term driven. A simple model with pure F-term 
breaking is the Fayet-Iliopoulos model. However, this model has a Fl-term at tree level, 
and we would like to explicitly forbid such terms. More precisely, we ask whether D- 
term driven SUSY-breaking can occur in theories with an FZ-multiplet in the UV, such as 
SQCD, chiral theories, quiver gauge theories, and many other examples. 

Since we restrict our discussion to calculable models, we only consider theories in 
which the low-energy dynamics responsible for SUSY-breaking can be described by some 
chiral superfields (often with a superpotential) and possibly some IR-free gauge fields. In 
particular, we assume that any strong gauge dynamics has already been integrated out 
at a higher scale A. Since we are interested in vacua with parametrically small F-terms, 
we will set these terms to zero in first approximation. In section 6 we will discuss models 
in which this approximation is not valid; these theories do not give rise to parametrically 
small F-terms. 

With these assumptions, the low-energy theory reduces to a sigma model ( p.l|) on the 
moduli space M. of F-flat directions. The IR-free gauge fields are accounted for by weakly 
gauging some global symmetries of this sigma modelHll If this weak gauging leads to SUSY- 
breaking vacua (even metastable ones), then these putative vacua will have parametrically 
large F-terms which are larger than the F-terms by inverse powers of the (arbitrarily 
small) IR-free gauge couplings. 

We now show that such vacua do not exist in theories which have a globally well- 
defined, gauge-invariant FZ-multiplet in the UV. In these theories, the low-energy de- 
scription in terms of a weakly gauged sigma model also possesses a globally well-defined, 



In fact, our discussion also applies to IR-free gauge fields which are not obtained by gauging 
a global symmetry; such gauge fields commonly arise in Seiberg duality. We will only need to 
assume that the gauged sigma model has a globally well-defined, gauge-invariant FZ-multiplet, 
which is indeed the case in these theories. 

18 



gauge-invariant FZ-multiplet. Thus the conditions for the theorem of subsection 4.2 are 
satisfied, and the D>-term scalar potential satisfies the identity (|4.5|): 



V=^gi i d i Kd J V. (5.1) 

This identity immediately implies that a critical point of the potential can only occur 
when V = 0. In other words, any critical point must be a supersymmetric minimum. 
Hence, the .D-term scalar potential does not admit SUSY-breaking vacua - not even meta- 
stable ones. This explains the absence of dynamical models with large D-terms. It does, 
however, leave open the possibility of models with comparable .D-terms and F-terms. Such 
models will be discussed in section 6. 

Note that the argument presented above specifically rules out .D-terms which are 
parametrically larger than the F-terms by inverse powers of the gauge couplings. If the 
theory contains other small numbers (such as the ratio of charges in [|12]), then the D- 



terms can be enhanced. Since the gauge couplings are IR-free in our setup, it is natural to 
approach the problem from the point of view we have taken above. Other small numbers 
may enter in a model-dependent way and are typically not expected to be present in 
dynamical models. We therefore do not pursue this possibility further. 

It is illuminating to compare our result to a well-known theorem reviewed in || . This 
theorem states that if there is a solution to the F-term equations, then there is a vacuum 
that solves both the F-term equations and the D>-term equations; in other words, a SUSY 
vacuum. This theorem assumes that the theory has a canonical Kahler potential, and that 
the global symmetries which are being gauged are linearly realized. These assumptions are 
important: as we will see below, it is possible to construct sigma models that have vacua 
with F = and D ^ 0. (Of course, such theories cannot have a well-behaved FZ-multiplet.) 
Moreover, the theorem makes no statement about the possible existence of metastable 
SUSY-breaking vacua. Our analysis did not depend on any specific assumptions about the 
Kahler potential or the symmetries. Furthermore, our result rules out all critical points 
which break SUSY. The key assumption in our analysis is that the low-energy physics can 
be described by a weakly gauged sigma model with a globally well-defined, gauge-invariant 
FZ-multiplet. This sigma model can result from complicated, non-perturbative physics at 
a higher energy scale; it can have a nontrivial Kahler potential and global symmetries 
which are realized in a complicated, nonlinear way. 

Let us demonstrate the utility of our result with a simple example. Consider SU{2) 
gauge theory with four chiral superfields Qi in the fundamental representation; this model 
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was analyzed in [13 . The moduli space is parametrized by mesons Mij ~ QiQj in the 
antisymmetric tensor representation of the global SU (4) symmetry. In the quantum theory, 
the classical moduli space Pf(M) = gets deformed to Pf(M) ~ A 4 . The Kahler potential 
on this space is not known, and since the origin is removed, the SU (4) symmetry must act 
nonlinear ly. We can gauge the SU(4) symmetry and study the resulting D-term potential 
on this interesting deformed moduli space: 

1 



XT - 2 

v — 2 g su(4) 

aeSU(4) 



E (y (a) ) 2 • ( 5 - 2 ) 



This theory has a supersymmetric vacuum with unbroken SP(4) symmetry at 

M~A 2 ( a 2 M . (5.3) 



The question is whether the potential (|5.2| ) also admits any metastable SUSY-breaking 
vacua. (Such vacua could be arbitrarily long-lived if gsu(4) is sufficiently small.) Since 
this theory has a globally well-defined, gauge-invariant FZ-multiplet in the UV, our result 
shows that this cannot happen, even though neither the Kahler potential nor the current 
multiplets J^ a > on the moduli space are known. 

Finally, note that models in which a globally well-defined, gauge-invariant FZ- 
multiplet does not exist can admit vacua with non-vanishing D-terms and vanishing F- 
terms. A trivial example, which has already been mentioned, is the Fayet-Iliopoulos model. 
A more interesting example is given by the CP model discussed in subsection 3.2. If we 
gauge the global SU(2) symmetry of the CP , then SUSY is spontaneously broken on the 
entire moduli space; the vacuum energy density is a positive constant proportional to g 2 f%, 
where g is the SU(2) gauge coupling. (The reason this model breaks supersymmetry is 
described in the next subsection.) This vacuum energy results from pure .D-term breaking; 
all the F-terms vanish. 

5.2. SUSY-Shattering 

Supersymmetry shattering refers to a particular kind of SUSY-breaking which results 
in an unusual soft spectrum. When supersymmetry is unbroken, all matter fields furnish 
representations of supersymmetry. It is generally expected that when SUSY is sponta- 
neously broken at very low energies (at least in calculable models), we should still be able 
to group the fields in a way that resembles SUSY multiplets, except that these fields now 
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have SUSY-breaking mass splittings. Put differently, we expect supersymmetry to be bro- 
ken by the spectrum rather than the field content. However, sometimes this is not the 
case. Since this phenomenon is not widely known, let us consider one of the simplest such 
examples - the gauged CP model from the end of the previous subsection. 

In this theory we gauge the global SU(2) symmetry which acts nonlinearly on the CP . 
At every point of the moduli space, this SU(2) symmetry is broken to U(l). To form 
two massive supersymmetric vector multiplets, we need two chiral superfields which can 
be eaten by the supersymmetric Higgs mechanism. Since there is only a single chiral 
superfield, this is impossible and SUSY is broken. Moreover, the two real scalars which are 
eaten by the ordinary Higgs mechanism to form massive vector fields necessarily correspond 
to the real and imaginary parts of the complex scalar in the chiral superfield. Hence, 
the spectrum contains no additional real scalars, which would usually be part of massive 
supersymmetric vector multiplets. This unfamiliar behavior results from the fact that 
the bottom component of a single chiral superfield contains two independent Nambu- 
Goldstone (NG) bosons. Normally, a NG boson embedded in the bottom component of a 
chiral superfield is paired with an independent real scalar which is not a NG boson (see 
|14| - |17|1 f° r a discussion of NG supermultiplets). 

Let us try to generalize this construction to the sigma model (|2.1|) . We need to 
understand when the bottom component of a single chiral superfield can contain the NG 
bosons of two different global symmetries. Since NG bosons correspond to symmetry 
transformations, we should view them as Killing vectors on the moduli space. The fact 
that two NG bosons X^ a > and X^ b > belong to a single chiral superfield is then covariantly 
expressed by the condition 

n(jT<°> +X {a) ,X^ +X (b) ) ^0 . (5.4) 

When the Kahler metric is flat, this reduces to the condition that the real and imaginary 
parts of a single superfield can be identified with independent NG bosons. 

Note that ( |5.4j ) is precisely the condition we analyzed in subsection 2.2. For abelian 
symmetries we saw that (5T1) implies the presence of constants c ab . Thus the theory cannot 



arise from a conventional UV-completion; moreover the symmetry cannot be gauged in 
the usual way. Thus both a and b should belong to a compact simple Lie algebra. In this 
case ( |2.16| ) implies that there is a generator c such that 

( J^) ± . (5.5) 
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In order to exploit condition (|5.4|) to shatter SUSY, we need to gauge the genera- 
tors a, b and thus also c. From (|5.5| ) we see that the vacuum energy is nonzero and that 
SUSY is spontaneously broken by the D-term of the generator c. But we have shown in 
the previous subsection that such a vacuum does not exist, if the theory has a globally 
well-defined, gauge-invariant FZ-multiplet (we are still assuming that the F-terms vanish). 

We therefore conclude that although supersymmetry can be shattered in certain toy 
models, this cannot be done in interesting dynamical models. Like the result of the previous 
subsection, this conclusion holds under very broad assumptions and thus extends the results 
of [p|,[i~8H beyond tree-level models with canonical Kahler potential. 



6. Dynamical SUSY-Breaking with Comparable F-terms and F-terms 

In this section, we present three calculable models which dynamically break super- 
symmetry with comparable F-terms and F-terms. All of these models have a well-behaved 
FZ-multiplet; loosely speaking, they saturate the bound D < F implied by the results of 
the previous section. Although our examples rely on different non-perturbative physics 
to break SUSY, the basic mechanism which leads to comparable F-terms and F-terms is 
always the same: an F-term potential with runaway directions is stabilized by a F-term 
potential which results from weakly gauging a global symmetry. The resulting vacuum 
necessarily breaks supersymmetry with comparable F-terms and F-terms. This mecha- 
nism is robust and can easily be implemented in many other models, some of which we 
briefly mention below. 

6.1. The 3-2 Model 

The 3-2 model is the simplest model of dynamical SUSY-breaking. We will study this 
model in an interesting limit of its parameter space in which it is calculable and gives rise 
to comparable F-terms and F-terms. This limit is different from the conventional one 
considered in 0. 

The 3-2 model is the unique renormalizable theory with matter content 
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Here [. . .] indicates a gauge symmetry. There is a tree-level superpotential given by 

W = hQdL . (6.2) 

Conventionally, the model is solved in the limit where the Yukawa coupling h is the smallest 
parameter in the problem. In this limit, one focuses on the space of SU(3) x SU(2) D- 
flat directions and minimizes the F-term scalar potential on this space. In this approach, 
the .D-terms are bound to be negligible (see JTJ5J for a detailed discussion). SUSY- breaking 
is triggered by the interplay of two terms in the F-term potential: a tree-level contribution 
from (|6.2| ) and a non-perturbative piece. 

We would like to study the 3-2 model in a different limit in which the SU(2) gauge 
coupling #2 is the smallest parameter in the problem, so that we can set it to zero in first 
approximation. Now the dynamics and the low-energy behavior will be very different than 
in the conventional limit. Fortunately, the model is still calculable. 

We will take the quickest path to obtaining the vacuum structure of this model. Note 
that L A is a classical modulus. We assume that the SUSY-breaking vacuum is at large 
values of L A (this will be justified by self-consistency). To simplify the analysis, we take 
the vev of L 1 to be large and set the vev of L 2 to zero, at the expense of manifest SU(2) 
invariance. On this flat direction the quarks Qi, d have a large mass hL 1 and can be 
integrated out. The remaining low-energy theory consists of an SU(3) gauge theory with 
quarks Q2,u so that Nf = 1, and the massless singlets L X ,L 2 . In terms of the origi- 
nal SU(3) strong-coupling scale A, the strong-coupling scale A' of the low-energy theory 
is given by (A') = hL A. Quantum effects generate a non-perturbative superpotential 
given by 0,0: 

W = 2 ij=L = 2h 1 / 2 A 7 / 2 J^ = . (6.3) 

Up to gauge transformations, the SU(3) D-flatness conditions imply that Q2 = u = 
-4= (a, 0, 0) with a G C. Since the Kahler potential is canonical at large field values, we can 
effectively describe the theory with three massless degrees of freedom: 

K eS = a^a + (L 1 ) 1 L 1 + (L 2 ) ] L 2 , W eS = 2v / 2/i 1/2 A 7 / 2 ^ . (6.4) 

This theory has a runaway as a — > 00. In this regime, SU(3) is spontaneously broken 
to SU{2) and the non-perturbative superpotential ( |6.3|) is a result of gaugino condensation 
in the unbroken SU(2) gauge theory. This is different from the conventional limit of 
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the 3-2 model, where the gauge symmetry is completely broken and the non-perturbative 
superpotential is generated by an instanton. 

To stabilize the runaway, we weakly gauge the SU(2) symmetry. The full scalar 
potential is then given byliil 

V = 2hA 7 ( I -J ns + *W) + &(\ L i\> + haA 2 . (6.5) 

\ |L x ||o|^ |a| 4 / 16 \ 2 J 

Note that this only works because the light degrees of freedom on the runaway are charged 
under SU{2) and contribute to the Z}-terms with equal sign. To leading order in g-i-, the 
location of the vacuum is given by 

L 1 « 0.69 Ah 1 / 7 g~ 2/7 , a « 2.27 Ah 1/7 g~ 2/7 . (6.6) 

For small #2 these vevs are parametrically large, so that our analysis is self-consistent. 
SUSY is broken and the vacuum energy density scales like h 4 ' 7 g 2 A 4 ; it receives compa- 
rable contributions from the F-terms and from the non-abelian SU{2) D-terms. In this 
vacuum, the Goldstino is essentially an equal mixture of the matter fermions and the SU(2) 
gauginos. In contrast, the field vevs and the vacuum energy in the conventional treatment 
of the 3-2 model are independent of (72 • The dominant contributions to the vacuum energy 
and the Goldstino come from F-terms and matter fermions respectively. 

In our analysis of this model, we have taken the quickest path to obtain the leading 
order answers (|6.6|) . These results receive corrections which are suppressed by powers of (72 , 
which should be studied systematically. (The same comment applies to the other models 
in this section.) In addition, it would be interesting to understand whether it is possible to 
interpolate between our limit and the conventional limit of the 3-2 model in a continuous, 
calculable way. The 3-2 model can be generalized in several different ways. This leads to 
large classes of theories which rely on essentially the same SUSY-breaking mechanism (see 
for instance [[22J and the reviews [ |Z3"| , |2"3| ] ) . We expect many of these models to admit new 
calculable SUSY-breaking vacua of the kind we just described for the 3-2 model. 



For consistency, we continue to use structure constants which are normalized to satisfy ( [2.8| 
even though this differs from the usual convention by a factor of y/2. 
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6.2. The 4-1 Model 

We repeat the analysis of the previous subsection for the 4-1 model |2^,^B| to give 
an example of a theory with large abelian 7>-terms. Here we will no longer keep track of 
numerical coefficients. 

The model has gauge group SU(4) x U(l) and matter content 

[SU(4)] [17(1)] U(1) R 

(6.7) 
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There is also a tree-level superpotential 

W = hF l FiS . (6.8) 

Like before, we are interested in the limit in which the U(l) gauge coupling g\ is the 
smallest parameter in the problem. This limit of the 4-1 model was studied in |27]. Our 



analysis only differs in that it focuses on the light degrees of freedom on the moduli space. 
See also [|8| for some discussion of departing from U(l) flatness. 



When we go to large values of the classical modulus S, the 577(4) quarks 7;, F l have 
a large mass hS and can be integrated out. Below this scale we have an £77(4) gauge 
theory with an anti-symmetric tensor field. In terms of the original £77(4) strong-coupling 
scale A, the strong-coupling scale A' of this new theory is given by (A') ~ hSA 10 . Up to 
gauge transformations, the SU(4) D-flatness conditions imply that 

A ~ a ( a Q ^2), aeC. (6.9) 

This breaks the gauge symmetry to SP(4) at a scale ~ a. The remaining pure Yang-Mills 
theory has beta function 9 so that its strong-coupling scale A" is given by (A') 11 ~ a 2 (A") 9 . 
Gaugino condensation in the SP(4) theory generates a superpotential 

V^(A") 3 ^(^_j . (6.10) 

The Kahler potential is canonical at large field values. 
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As before, the theory has a runaway as a — > oo which can be stabilized by weakly 
gauging the U(l) symmetry; this works because 5 and a both have positive £7(1) charge. 
The full scalar potential then takes the form 

v ~ ft2/3A2 ° /3 (isF^F 5 + ff ) + 9 ' (|S|2 + |a|2)2 ' (6 ' n) 

At leading order in g\ the vacuum is given by 

5 ~ a ~ A^/io^-3/io (612) 

SUSY is broken and the vacuum energy scales like h 2 '^g 1 A 4 ; it receives comparable 
contributions from the F-terms and from the abelian D-term. 

Like the 3-2 model, the 4-1 model has many generalizations, some of which are re- 
viewed in [pBlpi . 



6.3. In the Free Magnetic Phase 

In this subsection we discuss a simple generalization of the 3-2 model which also breaks 
SUSY by using the weak gauging of a global symmetry to stabilize a runaway direction. 
Depending on the parameters, the non-perturbative effect responsible for the runaway 
behavior is either gaugino condensation or the emergence of a free magnetic phase. Like 
in the previous subsection, we will not keep track of numerical coefficients. 

The theory is simply the 3-2 model with two extra flavors \&i, \1/ 1 (i = 1, 2) of vector- 
like 577(3) quarks (we suppress their color indices), so that the matter content of the model 
is given by 

[SU(3)] [SU(2)\ 

(6.13) 
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We give the extra quarks \&, \1/ a small mass m <A, where A is the 577(3) strong-coupling 
scale. This means that the 577(3) gauge theory has Nf = 4 light flavors. The tree- level 
superpotential is given by 

W = hQdL + m^i¥ . (6.14) 
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Like before, we will assume that the SU(2) gauge coupling g 2 is very small (below, 
we will exactly specify how small); for simplicity we take h ~ 1. Like in the previous 
examples, the theory has a runaway when g 2 = 0. Turning on g 2 stabilizes the vacuum at 
a point in field space which approaches the origin as we increase g 2 . 

Even though m <C A, the location of the SUSY-breaking vacuum is still calculable. 
(This analysis closely parallels the discussion in subsection 6.1.) Very far out on the clas- 
sical moduli space parametrized by L 1 and Q 2 = u ~ (a, 0,0), the SU(3) symmetry is 
spontaneously broken to SU{2). In this SU{2) gauge theory, the quarks \&, \& are heavy 
and can be integrated out; the resulting pure Yang-Mills theory undergoes gaugino conden- 
sation (with a calculable coefficient) . Like before, a non-perturbative potential arises from 
the moduli dependence of the condensate. The resulting low-energy theory is essentially 
the same as the one in subsection 6.1; only the effective strong-coupling scale is different 
because the massive quarks \1/, \1/ have been integrated out. The vacuum is located at 

L'-a- m 2 / 7 A 5 /V/ 7 <7 2 - 2/7 ■ (6-15) 

SUSY is broken and the vacuum energy scales like m 8 ' 7 A 20 ' 7 h 4 ' 7 g 2 . Again, the contri- 
bution from .D-terms and F-terms is comparable. This solution can only be trusted if the 
expectation values ( B.15|) are above the strong-coupling scale A. This is the case as long 



as g 2 <^ m/A. 

It is interesting to see what happens when we increase the gauge coupling beyond this 
point, so that ? « j2 C 1. Even though the vacuum now lies in the strong-coupling 
region, the theory is still calculable thanks to the dual magnetic description [2j| . 

The magnetic dual of SU(3) SQCD with Nf = 4 light flavors consists of a 4 x 4 meson 
matrix M^ , four flavors of magnetic quarks q l , qi and no IR-free gauge fields. Decomposing 
the meson matrix into 2x2 blocks, 

M ~\Y i 3 Z<?)-a{q& Qdlu)) ' (6 ' 16) 

the superpotential of the dual theory can be written as 

W d = q l M3q 3 + hAZ^U - ^ (X 1 1 + X 2 2 ) , (6.17) 

where fi 2 ~ toA.EJ We also decompose the magnetic quarks as q = (x 1 , X 2 , p 1 , p 2 ), and 
similarly for the q. 



For clarity of presentation, we are not explicitly introducing the usual magnetic Yukawa 
coupling, which we take to be 0(1). When we are computing loops in this IR-free coupling, the 
expansion parameter is the loop factor * a . 
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As in [30], this theory breaks SUSY at tree level by the rank condition: the F-term 
equations for Xi J take the form XiX 3 = /* <V ■ This equation cannot be satisfied because 
the rank of the left-hand-side is at most one. However, unlike the situation in [[J0| , not all 
mesons acquire F-term vevs. The mesons Zi° are somewhat decoupled from the SUSY- 
breaking fields Xi J . This is the case because some of the quarks in the original electric 
theory (|6.14| ) are massless. 

The dynamics of the dual theory ( |6.17| ) has been analyzed in [31,3^] (see [33] for 
generalizations) ; here we will just state the results. At tree-level, the theory has a number 
of massless pseudomoduli. Since the couplings are IR-free, we can calculate loop corrections 
to the pseudomoduli potential. At one-loop, all pseudomoduli except the Zj are stabilized 
at the origin. Because they are somewhat decoupled from the SUSY-breaking fields, the Zj 
remain massless at one-loop. 

We denote one of the Zj by Z (as before, we are picking a preferred SU(2) direction). 
An effective potential for Z is generated at two loops: 

I { -fj, 2 \Z\ 2 + --- \Z\<£n 

^eff-TTT-^ 4 ^„IZ|^ 2 , .. „,., „ A (6-18) 



(16tt 2 ) 2 | -^ 4 (log ^) +••• ^«|Z|«A 



In both parameter regimes, the dots represent terms which are suppressed. Beyond the 
scale A, we cannot use the magnetic description to determine the potential. We see 
from ( |6.18| ) that the magnetic theory has a runaway for large Z. In the UV, this run- 
away is completed by the runaway we discussed above in the electric theory. 

As in our previous examples, the runaway in the magnetic theory can be stabilized by 
reintroducing the gauge coupling g 2 . Let us first consider the regime \x <C \Z\ -C A, where 
the full effective potential for Z is now given by 



(i^]H log 7 2 



^eff~--f— o Uog^H +9i\Z\. (6.19) 



This fixes Z ~ -4= (log^) , where 5 = 16ir 2 g2. Note that the vacuum energy ~ (j 2 

receives its dominant contribution from the tree-level F-term of the X^ mesons. In this 

regime, the Fv-term contribution to the vacuum energy is suppressed because the magnetic 

theory has a new small parameter: the IR-free Yukawa coupling in which we perform the 

loop expansion. 

2 
For this solution to be reliable, we must require that \Z\ <C A, or equivalently g 2 ^> j^. 

Since fi 2 ~ mA, we see that g 2 ^> x- Note that both the electric and the magnetic 
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descriptions break down when #2 ~ m/A. This fact seems to depend non-trivially on 
non-holomorphic data; we view it as a consistency check of the duality. 

If we increase g<i even further (roughly, (72 needs to be larger than a loop factor), 
then the vacuum eventually enters the regime \Z\ <C \i where the effective potential is 
given by the first line of (|6.18| ). Stabilizing this against the quartic .D-term potential, we 
find that Z ~ j^ — • As before, the vacuum energy ~ /i 2 is dominated by the tree- level 
contribution. 



7. Open Problems 

In this section we briefly mention some open problems which we have not addressed 
above, as well as some other ideas which might be interesting to pursue. We hope to report 
on these topics in the future. 

• We have described situations in which the global current multiplets J^ a > can fail to 
exist as well-behaved operators. Analogously to ||, there should be other (perhaps larger) 
multiplets which contain the global symmetry currents and do satisfy the consistency 
conditions. It should then be understood how to gauge these multiplets. 

• We have shown that any theory with a well-behaved FZ-multiplet cannot break 
supersymmetry with parametrically large D-terms (even in a metastable vacuum) . General 
statements about the scalar potential of supersymmetric theories are also familiar in other 
contexts. For instance, the F-term potential in theories with canonical Kahler potential 
is known to have pseudo-flat directions |[4| . Some general results have also been obtained 
for certain M = 2 theories [p5 |, and weakly deformed M = 2 theories [36-38]. It is an 



interesting and important problem to find more classes of theories for which the space of 
SUSY-breaking vacua can be studied in a controlled and general way. 

• We have shown that it is impossible to shatter SUSY in models which have a well- 
behaved FZ-multiplet in the UV. However, we have not constructed a renormalizable theory 
where SUSY is shattered, for instance with a Fl-term. The CP -example discussed above 
can easily be UV-completed to a renormalizable model with a Fl-term which shatters SUSY 
classically. However, the minimal such completion is anomalous quantum mechanically. 



As was pointed out in ||39|| , consistent models which shatter SUSY might be interesting for 



Higgsed gauge mediation [40-42 



• We have constructed several models which break supersymmetry with compara- 
ble .D-terms and F-terms. In these examples, a runaway direction is stabilized by weakly 
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gauging a global symmetry. This opens several directions for further study. First, it would 
be interesting to implement this mechanism in theories with deformed moduli spaces and 



compare the resulting models to |43|j44|| . Second, we have not discussed theories in the 
conformal phase. It is not understood how to analyze such theories or how to study their 
putative SUSY-breaking vacua. Finally, models with significant D-terms have a variety 
of phenomenological applications. For example, they can be used to cover the parameter 
space of gauge mediation ||5|,[|6]]. Under certain assumptions, it was argued in f|^J that 
this cannot be done without using .D-terms. Moreover, D-terms may play an important 
role in constructing models in which the SUSY-breaking vacuum is stable, but nevertheless 



leads to a nonzero gaugino mass at leading order [ji8 |. Significant D-terms are also useful 
in the context of anomaly-mediated SUSY-breaking and in models with Dirac gauginos; 
see, for example p7| , [T^ , ^9| ,|5( 



• Our analysis has lead to general statements about the D-term scalar potential. 
This may prove useful in studying the space of exactly marginal deformations of four- 
dimensional superconformal theories; this space is usually called the conformal manifold. 
As explained in |51| , the RG-flow near a fixed point on the conformal manifold is a gradient 
flow controlled by a D-term potential on the space of coupling constants. Our results can 
be used to understand global properties of the conformal manifold, if the gradient flow 



persists beyond the regime discussed in [51 
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